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MOTIVATION

Plan of the Course

e Lecture 1- Finite Dimensional Lie Algebras. Symmetries in
physics, e.g. rotations, etc. Prototype is Angular momentum

e Lecture 2- Construction of 2-D non-linear time evolution
integrable equations (Integrable Hierarchies) associated to
graded Affine Lie algebraic structure, e.g., sinh-Gordon,
mKdV egns., etc .

e Representation Theory of Infinite Dimensional Algebras
and the Systematic Construction of Soliton Solutions.

e Lecture 3- Virasoro Algebra and Conformal Transformation

in 2D. String Theory, Critical Exponents in 2D Statistical
Models, etc
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Finite Dimensional Lie Algebras

e Symmetries in Physics are in general described by a Lie
algebraic structure, e.g.,

o Translations X, = X, + a,
X,/L = Xu + aupV(Xu)a pt = Oy
o Dilatations, XL = X,

d
dxm

X, = AD(X,), D=x"
o Rotations (Boosts), X, = X, + €,0 X7,
i

Xl/L = X+ Eep,a(Lp,o)Xua Lo = i(Xp05 — X50)
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Finite Dimensional Lie Algebras

e Spatial rotations, x’? + y? = x° + y?,

x' = x cosf + y sind, y' = —x sinf + y cosb,

o Infinitesimally 6 = ¢ + O(¢?),
/

X —x=ye=Lx, y —y=—-xe =Ly,

L —x2+ 9
3, yax,
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Finite Dimensional Lie Algebras

e Boosts 12 — x'2 = 12 — x2,

t' = tcoshny— x sinhn = ! xv/e :
\/1 (v/c)? \/1 (v/c)?
x' = —tsinhn+ x coshn = — tvje .
1-(v/c) 1-(v/c)?
en — Vv/C.
"
coshn =
—(v/e)?
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Finite Dimensional Lie Algebras

e Angular Momentum Prototype
J=F x p=F x (—IihV)

=y pz —2py=—ih(yd; - 29y),
J2 - pr _sz - _Ih(zax - Xaz),
Js=Xpy —y px=—ih(X0y — yox),

Jl, = Jy, for classical or quantum angular momentum.

e Angular Momentum Algebra — Poisson Brackets or
Commutators, i.e.,

.. 0 .
{Xa, PptPB = 0ap or [Xa _’hai] = ihdap
Xb

{Ja s Jb}PB = €apcde  — [Ja ) Jb] = iheapcde

. . ST
in classical limit [] — { }rs
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Finite Dimensional Lie Algebras

e Quantum mechanically, angular momentum is described by
3 generators satisfying 2 = 1,

[Va, Jpl = feapcde, €2z =1, Jh=da
Define
Jy =Jdi tide,  JL =
such that
[Js, Ji] =+ Jt

Observables in QM are described by diagonal operators,
i.e.,

J3 [m) = m|m)
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Finite Dimensional Lie Algebras

e Consider now the quantity J+ |m),
Ja(Jx [m)) = ([Js, Ji] + Jids) [m) = (m£1)Js |m),

e Ji |m) — eigenstates of J3 with eigenvalues m + 1.

e J. — creates and anahillates one quanta of angular
momentum respectively.
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Finite Dimensional Lie Algebras

e Seek for Matrices satisfying algebra — Representations.

e Physics require finite dimensional representation, i.e.,
require highest weight state |j) (vacuum) such that,

Jiljy=0
excited states are constructed by
(L)) ~ i = k)

by symmetry, J_ |—j) = 0. (space is compact, c.f. harm
oscilator)

e Representation consists of 2j + 1 states |j, m),
=0 =i+, =1, i)}

o It therefore follows that j € Z or j € Z + 3.
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Finite Dimensional Lie Algebras

o Casimir J2 = J2 + J3 + J2 = J2 + §(J_Jy + J;+J-) such that
[/2, Js] =0, a=1,2,3.

J21j,m) = jj + 1) 1j, m)

e Diagram.
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Finite Dimensional Lie Algebras

o Define matrices
(B)am={,m|Jz|j,n) =momn
(S )nm = G m| Iy . 1) = N O
() nm = G m| J_|j. ) = N Ot

o Normalization

NS =G=mG+m+1), N =Vi+m({-m+1)
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Finite Dimensional Lie Algebras

Examples
0o j=1/2
1/1 0 0 1 00
JS_z(o 1>’ J+—<o o>’ J—<1 0)
0o j=1
10 0 0 1 0 0 0 0
J3_<0 0 o), J+_\/§(O 0 1), J_:\@<1 0 0)
0 0 -1 0 0 0 0 1 0
@ etc
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Finite Dimensional Lie Algebras

General Structure of Lie Algebras
o Observables {hy, ho,---  h,, r=rank},e.q., J3=h

[hiv hj]:07 i)j:17"'7r

e Step operators, e.g., J+ = Ei,, suchthat

[hi7 E:I:a] - :IZO/E:I:(LH 0_2 = (C¥1 ) azv e 70/)
a is a r-dim. vector called root, (quanta) and
e(o, B)Entp, o+ B = root

[Ea, Eﬁ] = 220?;ihf’ a+p=0
0, otherwise
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Finite Dimensional Lie Algebras

Simple Examples,
e One Observable, r =1, G = su(2) Angular Momentum

[h, Eia] = tak.,, [EOH E*a] = 2h,

e Root system — one dimensional vector, o = 1, i.e.,
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Observables, rank r = 2 Algebras

2 Observables, rank r = 2 Algebras
e s0(4) ~ su(2) ® su(2). Lorentz Algebra

[M, Eto] = (£1)Exta, 5\
[h2, Esp]l = (£1)Ess,
[h1, Ex+p] =0,
[ho, E+o] = 0. —a < >
[Ea, E_o] =2hy,
[Es, E-p] = 2he, s
[En, Eg] =0,
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Finite Dimensional Lie Algebras

Representations of Lorentz algebra |j, m) @ |/, m" >. Simplest
Cases

[+ ] j = j/ = 0,
0,0) ® |0,0) = ¢, scalar (singlet)
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Finite Dimensional Lie Algebras

e j=0,/=1/2,denote |t) = [1/2,1/2>, 1) =[1/2,-1/2>,

_ (0.0 @y _ (v
W‘Qam®m)‘@?»

°j=1/2,j/=0

_ (M el0,0)) _ (v
W‘<m®mm>‘Q@>

wpr and vy, are Weyl Spinors (doublets).

_ (¥
Yp = (@Z)R)
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Finite Dimensional Lie Algebras

oj=j=1/2 , 222=3&1

H eI =1.1)
7 (M) + ) e[t))=1,0)
Hel)y=1,-1)
and
7 (M el =) @[t)=10,0)

e Vector field A,
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Finite Dimensional Lie Algebras

oj=1/2, /=1 and j=1, j=1/2
or su(2) ® [su(2) ® su(2)] and [su(2) ® su(2)] ® su(2)

get spin 3/2 fields, i.e., (¢), and (¥r),, — gravitino
M e melt) =13/2,3/2)

1

3 (e +heomell)+)el) @) =13/2,-1/2)

IMeMeh+Me)e)+ ) melt)=13/2,1/2)

sl= &

@) o) =[3/2,-3/2)
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Finite Dimensional Lie Algebras
o together with

(2|¢)®|¢>®\T> melhel)-meh)en)=I1/2-1/2)

5l

(QIT)®|T>®H> Mo -hemem)=11/2,1/2)

Sl

and

1
~ /3 INeheh-hehel)=11/2,-1/2)
1
7 (IMehem-—helthelt)=11/2,1/2)

such that 2R2R2=402¢2

@ j=1, j/=1 getspin2field h,, ., — graviton
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Finite Dimensional Lie Algebras

e generators of SO(5)
{hi,ho, Exo, Exp, Ex (a4 8) Ex(at28) )

B a+p
A

< >«
7
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Finite Dimensional Lie Algebras

e generators of su(3)
{h1,he, Exo, Exp, Ex(ayp)}

p a+p

A
Y
Q

e In this case [E,, Eg] ~ E,3.
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Finite Dimensional Lie Algebras

o Observables, hy, ho are diagonal,

—

AN =AT), R =22, A= (%)

o ) are called weights.

e Two fundamental representations 3 and 3 respectively,

1) [u2)
E_ay|p1) =l — o), E_q, |p2) =|p2 — a2),
E_ay—ap 1) =|p1 —ar —ag), E_ai—ap |p2) =|p2 — a1 — az),
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Finite Dimensional Lie Algebras

e Two fundamental representations with weghts,

i1 =(pd,p3) and o = (ud, p3),

l“:\/é(;v? ’ M2:\/§<072\6/§>7
1 V3 1 V3
H1a1:\/§< 276>7 M2a2:\/§<276>7

2v3 1 3
M1_0¢1—012—\/§<07—\6[>a M2—011—042—\/§<—2,—\6f>~
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Finite Dimensional Lie Algebras

where jiy = (p],45) and jiz = (n}, u3) are 2-dim vectors, s. t.,

(6% a1 + Qg
(o) a1+ g

1 — 1

aq

Mo — ) — Qg Mo — Qi

M1 — G — Qg
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Finite Dimensional Lie Algebras

o Define spin, T3 = %m and hypercharge, Y = 2-h,,

2

Quark T3 Y
|u) = |p1) +3  +3
) = lp1 — ) -2 +3
|S) = lp1 — oy — a2) 0 -4
O =lhe-or1—02)  —5 -}
|d) = |p2 — az) +3 —3
5) = |p2) 0 +5
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Finite Dimensional Lie Algebras

e Finite Dimensional algebras
(T2, Tb]:,'fcach7 Téc g, ab,c=1,--dmg

General Structure of Lie Algebras. G =H & P

e Observables {hy, ho,--- ,h, € H, r=rank},e.g.,
Jz = hy

i, h1=0,  ij=1,--,r
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Finite Dimensional Lie Algebras

o Step operators, e.g., Jr = Eir, €P, suchthat

[h/7 E:I:a] = j:aiE:l:On a= (041 ) 0427 Tt 70/)
@ is a root, (quanta) and
e(o, B)Entp, o+ B = root

Ear Esl=q 228" a+p5=0
0, otherwise
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Infinite Dimensional Lie Algebras

e Infinite Dimensional algebras (next lectures)

To— T2, meZ
o Affine centrally extended Algebras (Kac-Moody)
(T3, TP =i TS, + Km dmynod??
o K describe central term (of QM origin),

[K, T3] =0

Roots lives in Non-Euclidian space.
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